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We provide asymptotic and order information about the Witt vectors and
integers d, appearing in
1

———=(1—-1)e"
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1. INTRODUCTION

Let 4 be a commutive ring and let W(A) be the ring of Witt vectors over
the ring A. Let 4(A) be the free A-ring. Then in [1] it is shown that

(qn)nzll - l_[ (1 _qnt")71

nzl

defines an isomorphism between W(A4) and A(A4).
Denote
1
[1——=73 h.r
nzl I— qnt nz=0
The g, correspond, via the characteristic map, to representations of the nth
symmetric group. The character table of these representations would give
formulae expressing the components of a Witt vector as a function of its
“ghost components” [2, p. 352].
Denote

{ , .
,El [T domn - 40 *)
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The sequence {d ! ives the dimensions of these representations. In
q L 1 B P

nyn>
this paper we prove the following analytic result concerning the behaviour
of {d,
!

wi
TaeorREM 1. Forn=2,3, ..
nodd—d,<{(n— 1}
n prime - d, = (a— 1)} {11}
neven—d,=z{n—1)!

and

where oy =0, = 2, and otherwise, o, = 1.
We denote «, by « for short.

2. PrROOF OF (1.1} aND {1.2)

On taking logarithms and expanding (*), it is easy to see &, =0, and for
a>1

’—*i}h Lf’ A

—(n—1)! ! 2k i 2

d,=(n 1).+“§" P (1(’\) nt, {2.1;
k%l.n

sothat dy=1, dy=2, d,=9, ds=24, dy =130, d,="720, and d; =8505.
We pote that —d,/n! are the coefficients of the Witt vector whosse
“ghost™ is the unit vector (1,0, 0,0, ...}.
We will prove (1.1) and (1.2). Write

— Yoph 4
n=2%% - p¥,

where p, is a prime for 1 <i<k and /; is an integer for 0 <i< 4. Suppose,
inductively, that (1.1) and (1.2) hold for all proper divisors of n, iz, for
each n' =2"%p' ... ph with I/ </, (0<i<k) and Uy, .o L) # UGy s 1i), (L1}
and {1.2) hold (if » is even, the left-hand side of {1.2) will be replaced by
d,/(n—-1)1=1)

We will show that (1.1) and (1.2) hold for

i’[:Zlop{Kl pﬁé
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We have
dy=(n—1)'+n! Yy’
with
Z/ — Z Z Z {2/0__,-0 117}1 Iy — ik
O<ieslh O0<i<H O<ipsip~1 P1 Pk

(10, s i) # (0, .... 0)

< dz"op’ll..-pZK )210_’01’[11'1"'112‘4"}
X\ ——/————
(2%1 - P!

1 dzlopu ok Pl e
- Z Z /l-n...pzfz‘k< : )g> (22)

Wil ... plk
o<isl Oo<h<hPl (2%pi P
(805 vwen B) 7 (s oen I

We now show that

L=1=Y'>0. (2.3)

For each {i,, .., i} let ko denote the largest number j with /,# ;. Let
h—i Ik 1 — ket o lhey — Bk~ 1
Azpll I"‘P,ﬁ(?_ll kg lp:g ko ,
il 1k0+1

Ip— i 3 /]
B=20 lpll...pli‘gpko+l...p;'

Then n=2A4p, B, with 4 odd.
It is sufficient to prove that

i( dBpko >2A> 1 <’d23 )A"ko (2.4)
24 \(Bp,)! Api, \(2B)!

since this will allow us to match off terms in the second sum of (2.3).

If B=1: (2.4) becomes

1 d 24 1 d-\ APk
——( < ,> >——(—2> " (23)
24 \(ps,)! Api, \ 2
Since dpkoz (pr,—1)!, dy=1, then (2.5) becomes
1 24 1 Api,
TN
2\ Py Py \2

When p,, >S5, then (1/p,,)* = (1/2)", and (2.6) holds.
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When p,, =3, we go back to (2.2). We have p, =3 and B=1=n=2(3}
(ie, lo=1, 1, =1 k=1) and (2.2) is

' 1 dyi- 260 ! oz N3
2 _o<f§112(3)i(3['i!> Ve ({2(3)1 g "}

_ Z ( 1 [ dy- \2(3' 1 (dz‘Sl*lfli 3,—1>
Oo<igi— 2(3 k3l ty} 31+1_\2{317i71“

= Z D (2.7)

//\

We will prove that

and
D[72+D141>0. {2.95

When /=1, the right-hand side of (2.7) is — &> 0. Inductively, we
suppose (2.8} is true for / and we will show that (2.8) holds for i+ 1. We

have
1 1 2{31) 1 \2|3’)
Dz—rl|l7— l———
' 2(3')<3’”’> ( 3’_')
1 1 3+l 1 N 3+l
- i+1< /:1) (H" fT\’
3 2(3 ) V2037
1 3N —irv+i 1 1 2(39) \ 3t \3HI—i—33+ 1
=<— —(1-— (! 1)
3 2\ T3l 2 3,
( 1 31+1
\/2(317171)

When 0<i</— 3, we have that

1 1 2(3) 1 3+ 1 3 —~e—3)+1 } -1
)
2\ 3 2/ \3 V2300
2(3Y) 3¢ \J+l
o (S
3 27 8 J18/)
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(1 i)2>1<1+—1—)3
27) 8 /18/°

Y%

Since

the right-hand side of (2.11) is positive. Thus (2.8) holds for 0<i</—3.

Moreover,
1 8)2‘3'2’ 113y
D 2 D7 =’_'_7“ e 7 1\ ==
(-2 D 2(3’~)(81 3'1(72)

7

1L /D1y

) S
-
8)  \81 72) "7

D, >+D, >0

Since

we have shown that

Thus we have proved that 32" >0 for B=1 and any p,,.
If B=2:(2.4) becomes

1 dp, \M L sd\ 4
e M
24\ (2py,)! Apy, \4!
and, since d, =9, (2.12) becomes
1 d & 24 1 3 APy
_(.. Lok > >_<_) _ 2.13)
2 \(2pko)! pko 8

For p,, =5,

() = b
== an ->—
(zl’/q,) 8 2 Dy,

and (2.13) holds because dzpkoz pe,— )L
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If p, =3, then A=23'and n=4(3"): thus {2.3) becomes
Pry
S-§ 1 (d3,_ >*‘3‘+ 5 v dyyy VP
Osislfl4(3l) 3[k! 05$12(3i) 74’2!7!.}‘
B Z _1_<d4(3") \)31
1sisl3l 4371
- Z i d3[7, 4{3"} , { ;/ dzq}»'“') ’\!2{3’)
Tocim NG\ Taen 23t )
— 1 dyz-i-1, 31*1\-{- ! (/6—{—2\32(3[)_1(&’4\}31
3437 1) ) 2(3h\ 2 ) 3\24)
= Z D/ +D;_,. {2.14;
O9gigi—2

We prove (2.14) by using induction yet again. By the induction assump-
tion, we have that

1o/ 1 )4‘3" 7 1 ( 1\
> (L : NP
’ 4(31)&3’-'( 3”) STERAVEEA DY)

7 (3 "))

1 1 t W
—— ( _ (1+ — Vo
3:+1 \4(317171) s

A3/

s
W

When 0<i<</—2,

/ 1 N 2 1
o)) s ()
2(3/—-1) 2(3[—1) \4(3/—1-—1). 4‘3/ :71})
e AR A A\
37 \4 2(3'79) 64 Vo4

‘153!71'71}) /}
/1 1y 3 1 \,3\
> —fl——] ——{1 — 0.
>32’ 2’(4( 18> 64( T } ,}>

13
J12

Moreover

2(

230 gAY
(L)L) o
Y\ 2, 3'\24
Thus we have proved (2.3) holds for B=2.

I B=3: By the induction assumption, if

, if [p=2, so that B is even,
dgp, 2 (Bpr,—1)!, and dyp<(1+ u//2B)2B — 1)1 (where a=1 unless
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B=4 or 8, and a=2 when B=4 or 8) because Bp, ,<n and 2B <n. Then

we have
i< dBPkD >2A>~1—-( 1 )2,4
24\ (Bp,,)! 24\ Bp,,

1 dyp \P0 1 i o APk
wolam) a7
Api, \(2B)! Api, \2B 2B

If [;=1, then B is odd. We have that

and

dﬂpko> 1 (1_ 1 >
Bpko! Bpko Bpko

Now we reduce (2.4) to

24 Apy,
il U5 PGl ) e
24 \Bp,, Bp,, Ap, \2B 2B

where g=1if [;=1and 6=01if /[, > 2.

Let
el 05 05 )

We have that

since A>1 and B=3. It follows that f(p) is an increasing function of p.
Moreover

f(5)=(1—2A)1n5—ln2+5Alni—-2+Aln—B—/_>O.
1+a//2B 1—a//5B

Also

B
2+4AIn——F-=>0

2B
f3)=(1—24)In3—-In2+34Ih ——"—
140//2B 1—0//3B
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provided B=26 if =2 and B>4 if a=1. Thus we have that f(p)>0 for
p=3 except B=4, a=2, and p=3. (Note: a=2 only for n=4 or &, iz,
B=2or4)

When B=4, =2, and p=3 then n=8(3"). In this case 3’ becomes

l—— 1 d3ll>8(3‘ d'}i}[ z) >
Z 2118(3i)<3l~i! 0<,<[ ( '3‘1 iy

0<i<

1 d4(31A,, )2(3" 1 ( dg(3i-1 ¥ ~
_— — - — . (2173
MR ( 4377 i 3 (3“,‘»!) e
Since for i<i—1,
< dayzi-1 )2( ) dgzi-i-1y \3+1
437! 3311/
1 1o\
> _(1- .
(4(3“')( 4(3’—';))
( ! (1+ L) 2.18)
— — i, (2.
8(3[ 1) \//8(3[—:—1)/

and

1 1 2 1 /1 1—i—3 1 3
_<1_ ) _——K—> (1+/:—____—\; >0, (219
16\ 431/ 512\3 NG b Vi

Thus the right-hand side of (2.17) is positive. We have proved (2.3} for
B > 3. This completes the proof of (1.1}.
We now prove (1.2). If # is odd, then we have

n Si
(n—1)!
We will prove that
d, 1
1< —, {2.20)
k:{‘n h(k‘) S
k#1,n

when n is odd. Since kh=n, all of h and & we discuss are odd. Using
induction again, we suppose that

e~
b
N
Yot

1
— (k=1 <+,
|de— (k=D <7

£40.69/3-8
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for Kk <n and k odd. Thus

= / h=n
k+#1.n c# l.n
h
= Z Uk (2.22)
kh=n
k#1,n
We will prove that
h 1
FSP (2.23)
for h=35 and k=5.
Since
Inh\ 1—4/h—Inh )
</z—4> hoap <0 ik

(here ' denotes derivative), then

Inh
hn 4<1n5.
Thus
h<kh=4 if k=5
If h=3,
h 3 9
> I " n
kh=n (f'l/) n
k:ézlén
Ifk=3,

h 3n
khz=n kh_zzm
kk#zlén

Then
h 1 9 3
Y ga< Y gt +m<l  if n>16
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If n<< 15, since k|n and k|n, then 3[n if k=3 or A=3. Thus =9 or 15
For those two values of #n, it is easy to check that the right-hand side of
(222) < L.

If n is even, then we will prove that (1.2) holds by induction. Supposing
{1.2) true for any integer less than n, we will prove (1.2) true for #. Since
d,/(n—1}1 21, it is sufficient to prove that

_ h [
g UYL
Write
1/d.\ 32
fik, h>=,;(ﬁ\ (k)
Then (2.24) is
z flkohy— > flk, A<l {2.25)
kh=n kh=n
k#&Ln k#1ln
hreven £ odd
To begin with we prove that for n> 6 and % even,
flk, h) < K2 {2.26}
First, we have that
1\ 1
2L,h={=) 25K <~
fn=(3) 27 <
for h=5.
For £ =3, we have that
—h+325172 1
f(3, h)y=3 ht <§,
Moreover,
N
f(4,h)=<§> 8h <E'
For k=5 and h> 6, we will prove
flk, )< 1/k? (2.27}

as follows.
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By the previous induction assumption in (1.2), it is sufficient to show
that

1((/{_1)!+(k—1)!&/\//E)h(llk)3,/2<_l_ (2.28)

h k!

We have that the left-hand side of (2.28) equals
hY2( \/% +o )h

k3(h~ 1)2

First we will show that, for k=5 and #=8,

172 h 1
h——ﬂ({—étzi) <—. (2.29)
PAnE Sk

Now (2.29) is true if and only if

(In k)2 + h In(\/k + )
(3/2) h—(7/2)

—Ink<0. (2.30)

The left-hand side of (2.30) is a decreasing function of 4 for 42> 6. Thus it
is less than

1n6+121nﬁ+oc
11

—Ink. (2.31)

Now (2.31) is a decreasing function of k£ and it is negative for k=5 when
«=1 and k=6 when a=2. So (2.29) holds for k=5, h > 6, after checking
directly that it holds for f(8, 6), f(16, 6). Thus (2.9) holds for k= 5.

Now we have that

kh=n ,-::21 2 4
k#1,n

heven

Finally, we discuss the last two terms on the right-hand side of (2.32). By
the inductive hypothesis,

f(f’- 2) P NITELL

2’ (n/2)>>

Since f(n/2, 2) is a decreasing function of n and f(35, 2)<0.32082 (e =1 if
n+#8 or 16) it follows that
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f(n/2,2)<0.32082  for nz72. (2.33)
no\_2/n4+1) .
f(z, 4> = W < 0.003393 for n=72. {(2.34;

Thus the right-hand side of (2.13) <0.645 +0.32082 +0.003393 < 1 for
n>=64. We have shown that (1.2) holds provided we check it does for
n<63.

This is true except with a=1 except for =8 and 16 and [d¢/(7!)=
27/16 and d¢/(15')=2955/2048] and so (1.1), {1.2} hold.

In particular

d

lim —=—=1.
n— (l’i—l}'

3. Two EXAMPLES

We have

di0/991 1,437,875,310,019,956,682,521,937,269,338,988,093
100777 ™ 1 407,374,883,553,280,000,000,000,000,000,000,000

=1.02167....

As the asymptotic ensures this quantity is less than 1.1 {but it is larger than
1.01).

Similarly,
23,433,924,589,424,318,014,557,665,728
~23,454,932,070,382,151,157,711,285,129

=0.999104....

dgg /98!
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